A precise formulation of U(1) local gauge invariance in QED is presented, which clearly shows that the gauge coupling associated with the unphysical longitudinal photon field is non-observable and actually has an arbitrary value. We then re-examine the Dirac quantization condition and find that its derivation involves solely the unphysical longitudinal coupling. Hence an inconsistency inevitably arises in the presence of Dirac monopoles and this can be considered as a theoretical evidence against their existence.
Introduction
The concept of magnetic monopoles dates back to the dawn of the science of magnetism.
The existence of monopoles seems to be a natural generalization of the classical Maxwell theory (1864) on the ground of dual symmetry. Sixty-seven years later, Dirac pioneered a theory of point monopoles [1] . His formulation, which puts monopoles by hand in QED, requires an Abelian gauge potential with string singularities and results in the famous Dirac quantization condition (DQC), accounting notably for electric charge quantization. Dirac's work has certainly been a main driving force behind numerious unsuccessful experimental searches for monopoles [2] . This state of affairs has led us to ask whether there may still be some deep, unexplored theoretical reason(s) behind these negative experimental results.
Over the years, in spite of the continued non-observation of Dirac monopoles, the subtleties and proper handlings of Dirac string singularities in quantized theory have been extensively studied to confirm the consistency of Dirac monopoles with quantum physics. The immediate implications of the DQC are two-fold: (1) . electric charges are quantized even if one monopole exists; (2) . magnetic monopoles interact strongly and therefore from energetic consideration should be quantum mechanically extended objects. Yet, in ordinary Maxwell theory, the condition ∇ · (∇ × A) = 0 , while allowing, via albeit a singular potential, point-like monopoles, realized as endpoints of Dirac string singularities, precludes a spread-out magnetic density. There lies in our view the weak point of the Abelian theory. As we now know, the only way such a potential can be non-singular is for it to be embedded in a non-Abelian type gauge theory ( although at present a realistic unification theory of such kind is still absent ).
Indeed t' Hooft-Polyakov monopoles [3] obeying the DQC arise naturally as finite energy, spatially extended solutions of broken non-Abelian gauge theories. In fact, it is precisely this striking consistency between the extension and the DQC of the solitonic monopoles in the latter theories that again motivates us to carefully re-examine the consistency question of Dirac's theory.
In this paper we analyze the inconsistency of QED with Dirac point monopoles. We found that the presence of Dirac monopoles will force the non-observable gauge coupling associated with the unphysical longitudinal gauge degree of freedom of the photon field to be exactly the same as that associated with the two physical transverse degrees of freedom. This unfortunately violates the general spirit of the local gauge invariance and implies that the longitudinal photon may have some physical consequences. We see this as a clear evidence that the unphysical Dirac strings cannot be really non-observable. Furthermore, an alternative, independent proof of the inconsistecy is presented. We enlarge the local gauge invariance of QED from U(1) em to U(1) em × U(1) Θ by introducing another unphysical pure gauge field Θ with an independent, unphysical gauge couplingẽ . This pure gauge field can be gauge-transformed away and the resulting theory is proved to be identical to standard QED. We then re-examine the Dirac quantization condition (DQC) for point monopoles and find that two essentially different DQCs can be derived. One DQC involves a gauge coupling e in the U (1) 2. The precise formulation of local U(1) em gauge invariance and the Ward-
Takahashi identities re-examined
In this section we first discuss QED without Dirac monopoles. For the massless Abelian photon gauge field A µ , we make the following orthogonal expansion
where T µν and L µν are respectively the " transverse " and " longitudinal " projection operators, which are defined in coordinate space as
, or in momentum space as A µ to the matter field is denoted by the same physical constant e. We notice that in fact the coupling of unphysicalÃ µ can be any constantẽ without affecting the physical results of QED.
In a covariant gauge, just the gauge invariance itself guarantees that allẽ-dependent terms and also all ξ-dependent terms cancel one another completely and do not contribute to any physical quantities such as the physical S-matrix elements.
Consider first the QED Lagrangian without Dirac monopoles
with
where for clarity we have explicitly distinguished the unphysical gauge couplingẽ from the physical gauge coupling e. Whether they are equal or not is irrelevant. The above Lagrangian is then invariant under the following U(1) gauge transformations:
where U(θ) ≡ e −iθ(x) . The transformations for the gauge field can be combined together
So we find that the coupling constant appearing in the above gauge transformation of A µ is actually the unphysical couplingẽ. In fact this is not surprising because the possibility of making gauge transformation for A µ is just a reflection of its surplus unphysical degree of freedom which is proportional to ǫ transformation is only a special case of our generalized formulation with a special choice for the unphysical couplingẽ, i.e.ẽ = e. But the above formulation describes the U(1) gauge invariance more precisely and reveals the essence of the U(1) local gauge invariance in a deeper way. Also it is now clear that ordinary gauge transformations with the special choicẽ e = e in some sense underdescribe the U(1) local gauge invariance.
We can write the corresponding formulation for the non-integrable phase factor as
where the line integral is along a path C from x 1 to x 2 and we takeh = c = 1 . For a closed loop C, (6) gives
where S is the surface bounded by the loop C and it is clear that (7) is U(1) gauge invariant as expected and the unphysical pure gauge fieldÃ µ cannot contribute to this gauge-invariant physical quantity. But this is valid only if both A µ andÃ µ are not singular on the surface S. [ In the next section, we shall see that for Dirac monopoles, the unphysical singularity (Dirac string) appears in both A µ andÃ µ so that we cannot simply use Stokes' theorem to obtain (7) . In this case, the physical quantity (7) is actually always ill-defined due to the unphysical string singularity and the arbitrariness of the unphysical gauge couplingẽ. This will be examined in Sec. 3. ] In general, (6) gauge-transforms in the usual way
Next, we re-examine the quantization process and will show that the renormalization for the unphysical gauge couplingẽ is completely different from that of the physical gauge coupling e. Consider the covariant Lorentz gauge with the gauge fixing term
which clearly shows that the gauge fixing term is just a constraint on the unphysical pure gauge field partÃ µ in A µ . Then the generating functional of Green functions for QED in the covariant gauge is
where L is given by (2)(3). [ Here we have noticed that in the path integral formalism the true, independent dynamical functional integral variable is still A µ ( = A µ +Ã µ ) instead of the constrained fields A µ andÃ µ , respectively. ] Then we define the classical fields as
where we do not distinguish the notations for classical fields and the functional integral variables but we bear this difference in mind. Making the Legendre transformation,
The functional Z is invariant under the gauge transformation (4), i.e.
in which the fields are classical fields. Substituting (13) into (14) we re-derive the following generating equation for Ward-Takahashi (WT) identities
By acting δ/δÃ ν (y) and δ 2 /[δψ(z)δψ(y)] on (15) respectively and setting all external sources to zero, the following two WT identities are derived after the Fourier transformations:
where
( F T denotes the Fourier transformation) and S(p) is the full fermion propagator. Also we can easily find that
To do the renormalization, we define
where we notice that the unphysical pure gauge fieldÃ µ have no physical asymptotic state and can never mix with the transverse gauge field
A µ actually has an independent wavefunction renormalization constantZ 3 .
We rewrite (2) as
Then we have
The WT identity (16a) only requires that after renormalization Z ξ =Z 3 , where either Z ξ orZ 3 but not both can be arbitrarily chosen. Since (16a) shows thatD µν has no loop correction at all, the most natural and simplest choice is
The conventional choice of 
Hence Z 3 can be determined, for example, by the usual on-shell condition by requiring the residue of the propagator for A µ R to be unity at the physical photon mass-pole k 2 = 0.
Thus we find that the physical coupling e R is running as the renormalization scale changes while the unphysical couplingẽ R is a renormalization-scale-independent arbitrary constant which always has a vanishing β-function. Hence, even if one choosesẽ = e at tree level, the renormalization will make e R =ẽ R up to loop level sinceẽ (≡ẽ R ) has no loop correction and needs no renormalization whatsoever! In general we can have Z ξ =Z 3 = 1 + (arbitrary loop − order quantities) and this simply means thatẽ has an arbitrary renormalized value different from e R . It is clear that no known fundamental physical principle can insure that the unphysical couplingẽ must be renormalized in exactly the same way as the physical coupling e and the usual choice of Z ξ =Z 3 = Z 3 is only a special one for convenience.
3. Dirac quantization condition re-examined and the inconsistency of QED in the presence of Dirac monopoles
Dirac quantization condition re-examined
In the presence of Dirac monopoles, it is clear that the exact U(1) em local gauge invariance must still be respected and thus our precise formulation insures the arbitrariness of the nonobservable couplingẽ.
When Dirac monopoles are present, the quantization and renormalization are much more complicated. To the best of our knowledge, no consistent quantum field theory for monopoles has been successfully constructed and generally accepted as such. The difficulties and doubts in consistently dealing with the analyticity, Lorentz-invariance and crossing symmetry of Smatrix were found by several authors about thirty years ago [6] . More recent attempts in this direction have been reviewed by N. Craigie [7] who discussed renormalization schemes different from that of Schwinger [8] . Here we wish to point out yet another basic difficulty in the construction of monopoles's quantum field theory. It is known that any quantum fluctuations (i.e.
loop-corrections) which are always calculated in momentum space, are however non-local in coordinate space (due to Heisenberg's uncertainty principle) and will certainly not spare the singular region of A µ . On the other hand, a singular Dirac string in coordinate space will also be non-local in momentum space. No-one knows how to deal with the quantum fluctuations of the Dirac string nor to completely avoid these singularities at quantum-field-theory level by using the well-known Wu-Yang formulation [9] .
Due to above difficulties in the quantum field theory of monopoles, here we keep ourselves honest by only presenting our analysis at the level of quantum mechanics. As in most previous considerations of this issue
, we believe that this restriction will not affect the generality of our conclusion. In this case, we can explicitly separate out the transverse and longitudinal parts of monopole's gauge potential. Both are local quantities and the general non-local operator T µν and L µν are thus unnecessary here.
In this paper we only consider monopole potentials with Dirac string-type singularities.
Other kinds of singularities are studied elsewhere [5] . For clarity, our analysis is confined to the standard Dirac formulation [1, 10] . A corresponding examination in the Wu-Yang formulation [9] is left to a subsequent paper [11] .
Let us consider a Dirac monopole g with magnetic field B(x) = g r 2 r r , where r =| x | .
The magnetic field is related to the monopole's gauge potential by B = ∇ × A which implies that A µ cannot be regular everywhere and must contain some singularities. Since the physical B field is regular everywhere except at the origin, in the standard Dirac formulation [10] the above definition is modified by adding the so-called Dirac string to cancel the singularities in ∇ × A so that the correct B field can be given. So one can write
where b(ℓ, r) denotes the contribution of the Dirac string ℓ carrying a singular (return) flux of strength −4πg from infinity to the origin. It is shown [10] that the vector potential with singular line ℓ can then be expressed as
and two potentials with different singular lines are related by the extended gauge transformation
where Ω(ℓ, ℓ ′ ; r) is the solid angle of the infinite surface bounded by ℓ and ℓ ′ , as seen from r.
Various choices of the spanning surface will lead to values of Ω differing by multiples of 4π but will yield the same ∇Ω , except on ℓ and ℓ ′ where Ω and ∇Ω are always ill-defined.
The gauge potential given above has a simple form when its singular line is chosen to be a straight line. The simplest examples are the standard Dirac solutions with singular lines along the negative and positive z-axes respectively:
Their transverse and longitudinal parts can be explicitly separated out as
They are related by the gauge transformation
This is just a special case of the general relation (24). Here we have noticed that ∇· ∇(±gϕ) = 0 . But since this gradient term can be arbitrarily changed by U(1) em gauge transformations in order to make Dirac strings pure gauge-artifact, it must be unphysical and thus its coupling to matter fields is still non-observable. Actually this pure gradient term is part of the unphysical U(1) em gauge degree of freedom. Otherwise (27) is not a gauge transformation. This is why it should be attributed to the longitudinal fieldÃ µ associated with an unphysical coupling e . In principle, one can call the above pure gradient term as "transverse" but its gauge coupling is still non-observable and can be denoted as an arbitrary constant, say e ′ , to avoid confusion. This will not affect our final conclusion. Generally, when we consider other kind of singular monopole potentials [5] we explicitly find that their pure gradient parts are not divergenceless [11, 5] . Corresponding to (27), the wavefunctin of an electrically charged particle is gauge-transformed as ψẑ(x) = e −iα(ϕ(x)) ψ −ẑ (x) in the regular region, where the ϕ(x) and ϕ(x) + 2π correspond to the same point x. Thus the single-valued property of the wavefunctions requires e −iα(ϕ(x)) = e
−iα(ϕ(x)+2π)
. Also the standard argument [10] shows that there is a 4π discontinuity in the solid angle Ω(ℓ, ℓ ′ ; r) so that the single-valued property of the wavefunctions gives e −iẽ4πg = 1 . So we must have the following consistency conditioñ
Here an important observation is that the physical magnetic charge g is constrained by the non-observable gauge couplingẽ for n = 0.
One can further let the electric charge e go around a closed loop C in the monopole's field.
Then the wavefunctions ψ −ẑ and ψẑ get their phase factors given by
Since the DQC (28) already requires e −iα(x) to be single-valued and thus (29) gives another consistency condition
Here we point out that (28) is the pre-condition of (30). Substituting (26) At last we use the angular momentum approach [10] to re-derive DQC (28). The equation of motion for electric charge e in the monopole's field is given by the Lorentz equation 
where the coupling e is the physical one associated with tranverse gauge field since only the transverse field can contribute to F µν (cf. (3)). From angular momentum conservation we get the following expression of the total angular momentum in the canonical formulation
where D is the covariant derivative defined in (3) . Since the theory is rotational invariant [10] , for simplicity, consider a monopole potential A −ẑ with its singular line along negative z-axis (cf. (25)). Substituting A −ẑ into (32), we get J = r × p − g −ẽ − e cos θ sin θθ + er ,
When we quantize the theory, we expect the components of J to satisfy the usual angular momentum SU(2) algebra which requires the eigenvalues of J i to be half integer. Hence, from (33) we again get a consistency condition identical to DQC (28).
Inconsistency of Dirac monopoles
In the standard Dirac formulation [1] [10] , we have already successfully re-derived the DQC by three standard approaches all leading to the same DQC (28). We find that only the nonobservable gauge couplingẽ can appear in DQC. There are actually two kinds of solutions to DQC (28): g = 0 with n = 0 and g = 0 with n = 0 . However the second kind solution g = 0 implies the following inconsistencies:
1. It constrains the physical magnetic charge g with the non-observable gauge couplingẽ, and is thus conceptually inconsistent no matter which value of the unphysicalẽ one chooses.
(Indeed, no physical law can ever constrain a physical quantity with a non-observable one.) We know of no way to rectify this situation.
2. Actually, this is a direct indication that Dirac strings cannot be really made non-observable [12] since the DQC (28) originates from the gauge transformations to arbitrarily move Dirac strings around and the single-valuedness requirement of the electron wavefunctions.
3. Also, different choices for the unphysical value ofẽ imply the physical g must be arbitrarily varied. This is physically unacceptable.
4. In the QED without monopole we have rigorously proved that the gauge couplingẽ is unphysical and arbitrary even up to quantum loop level and this is a direct consequence of the exact U(1) em gauge invariance. After Dirac monopoles are introduced in whichever way, the exact U(1) em gauge invariance must be respected. Inforcing any specific physical value for an unphysicalẽ will violate the exact U(1) em gauge invariance and thus implies that some new fundamental principle should exist, which givesẽ and the longitudinal photon field physical meaning so that they become observable. This is most unlikely.
Hence we find that the unique physically consistent solution to the DQC (28) can only be g = 0 . This can be viewed as a theoretical evidence against the existence of the Dirac monopoles.
We further point out that the appearance of the DQC (28) is essentially due to one's inability to define A µ of Dirac monopole globally without singularity. To make the string-like singularity non-observable, one must make use of the gauge freedom. So it is not surprising that the unphysical couplingẽ associated with longitudinal gauge freedom naturally appears in the DQC (28) in all standard derivations. This shows that the Dirac strings cannot be really non-observable as desired. It is clear that such a problem does not arise for the 't HooftPolyakov monopole [3] which is a topological soliton with a finite core size determined by the is unnecessary there. Moreover, in this case, one can easily check that the associated DQC emerges automatically and involves only the physical tranverse U(1) em gauge coupling e. The
Aharonov-Bohm effect [13] is also free from such a problem. An alternative, independent proof of the above conclusions is presented in the next section, which avoids entirely the introduction of the non-local orthogonal expansion (1).
An alternative proof of the inconsistency
In this section we present an alternative proof of the inconsistency of QED in the presence of Dirac monopoles. We noticed that the singular Dirac string [1] in the monopole gauge potential is purely a gauge-artifact. It is just the gauge freedom which allows us to arbitrarily move the string around without any physical effect, provided that a consistent condition -Dirac quantization condition (DQC) [1] is satisfied. By introducing another unphysical pure gauge field into QED, we find it possible to attribute part of the singularities to this pure gauge field and thus the corresponding DQC involves the unphysical gauge coupling associated with this pure gauge field. So the physically consistent solution to both the original DQC and this new DQC can only be a vanishing magnetic charge. In Sec.4.1, a generalized QED Lagrangian with an enlarged local gauge symmetry U(1) em × U(1) Θ is proved to be identical to standard QED up to the quantum-field-theory-level. Of course, the gauge coupling associated with this pure gauge field in the U(1) Θ group is shown to be entirely arbitrary. Two independent DQCs are carefully derived in Sec.4.2 and some conclusions are given in Sec.4.3.
A generalized QED Lagrangian and the Ward-Takahashi identities
An Abelian or non-Abelian global symmetry can always be localized by introducing an unphysical pure gauge field, which has no kinetic term and can be gauge-transformed away.
A dynamical gauge field is only a natural generalization and at present its existence can be determined only by experiments. A pure gauge field is sufficient and necessary to insure the ordinary local gauge invariance. This may be why without discovering the corresponding dynamical gauge fields we have observed a lot of global symmetries (such as the lepton and baryon numbers conservations) which had been independently tested at different local places.
Besides the electric charge conservation, standard QED has an extra global U(1) symmetry which is the electron number conservation. In the following we shall localize this extra global U(1) symmetry by introducing a pure gauge field. One should notice that only the physical gauge coupling associated with a dynamical gauge field can be related to its global charge and the unphysical gauge coupling associated with the pure gauge field has nothing to do with the global charge since it is non-observable and the corresponding pure gauge field can be completely gauge-transformed away.
But when including monopoles, we should carefully distinguish two essentially different situations. In the Dirac monopole case, a singular gauge transformation must be allowed in order to arbitrarily move the Dirac string and thus make it non-observable as desired. This singular U(1) gauge transformation (which is usually called as an "extended" gauge transformation [14] )
can thus arbitrarily change the pure gradient part of the monopole's gauge field or even entirely transform it away while leaving the physical magnetic field invariant. This is in sharp contrast with the case of the spatially extended 't Hooft-Polyakov monopole [3] which, as finite energy solution to the spontaneously broken gauge theories, is naturally singularity-free at the beginning.
All allowed regular gauge transformations cannot rid of the pure gauge field (or even change their homotopy class). Furthermore any singular gauge transformation which transforms the pure gauge field away must be forbidden since it leaves a vanishing magnetic field.
In this section we first discuss QED without Dirac monopoles. Consider the following generalized QED Lagrangian
whereĀ µ is only a notation in which the coefficient of ∂ µ Θ is arbitrary but can always be chosen to be unity since the unphysical Θ field has no kinetic term and can be arbitrarily rescaled without any physical effect. The above QED Lagrangian has a larger local symmetry U(1) em × U(1) Θ , i.e. it is invariant under the following two kinds of independent gauge transformations:
(ii). The U(1) Θ gauge transformation
Eq.(36) clearly shows that the unphysical pure gauge field can be completely gauge-transformed away and thus our generalized QED Lagrangian simply reduces to the standard QED Lagrangian.
Actually the standard QED is in the "unitary gauge" of eq.(34,34a), in which the pure gauge field Θ has been transformed away. Here it is clear that the gauge coupling e andẽ belong to the two direct product group U(1) em and U(1) Θ respectively, and thus are independent of each other.
From (34,34a), the definition of the magnetic field is
The nonintegrable phase factor is now expressed as
When doing quantization, we need two gauge-fixing terms for two gauge groups U(1) em and U(1) Θ respectively, i.e.
For example, the gauge-fixing functions F 1 (A) and F 2 (Θ) can be chosen as
Now we derive some new Ward-Takahashi (WT) identities for the U(1) Θ gauge group. By introducing the external sources J µ A µ + KΘ +Īψ +ψI in the generating functional for generating equation
From (41) we get the following two WT identities
( F T denotes the Fourier transform) and S(p) is the full fermion propagator. Also we can easily find that
To perform the renormalization, we define
Here the non-observable gauge couplingẽ of the pure gauge field Θ has an independent renormalization constant Zẽ .
We rewrite (34,34a) as
The WT identity (42a) only requires that, after renormalization, Z ξ Θ = Z Θ , where either Z ξ Θ or Z Θ but not both can be arbitrarily chosen. Since (42a) shows thatD µν has no loop correction at all, the most natural and simplest choice is
In general, we can choose Z ξ Θ = Z Θ = 1 + ( arbitrary loop − order quantities 
In consequence we prove that the renormalization forẽ is actually arbitrary and may need no renormalization whatsoever. This is not surprising since for the product groups U(1) em × U(1) Θ , the gauge couplingẽ of U(1) Θ has nothing to do with the the physical coupling e of U(1) em .
Finally, we emphasize again that our above generalized QED is identical to standard QED, even up to loop-level. Clearly, the introduction of a pure gauge field which can be gaugetransformed away can have no physical effects.
Dirac quantization condition re-examined
Following Sec.3 we still work in the standard Dirac formulation [1, 10] . Let us consider a Dirac monopole g with magnetic field B(x) = g r 2 r r , where r =| x |. The magnetic field is related to the monopole's gauge potential by B = ∇ × Ā which implies thatĀ µ cannot be regular everywhere and must contain some singularities. Since the physical B field is regular everywhere except at the origin, in the standard Dirac formulation [1, 10] , the above definition is modified by adding the so-called Dirac string to cancel the singularities in ∇ × Ā , so that the correct B field is obtained. Following the same steps as in Sec.3, we obtain the two simplest Dirac solutions forĀ µ (≡ A µ + ∂ µ Θ) with singular lines along the negative and positive z-axes, respectively:
They are connected by the gauge transformation
From ( (51)
Now we can repeat the three standard approaches given in Sec.3 to derive the DQC by using the above two kinds of gauge potentials and their transformations in (50) and (51), respectively.
Thus, from (50) we just obtain the ordinary DQC eg = n 2 , (n = 0, ±1, ±2, · · ·) ;
while from (51) we get an independent new DQC eg = k 2 , (k = 0, ±1, ±2, · · ·) ,
which has a similar form to (52) but has a completely different physical meaning. Here an important observation is that in (53) the physical magnetic charge g is constrained by the non-observable gauge couplingẽ for k = 0. This is not surprising since the singular Dirac string is a pure gauge artifact and thus can be naturally attributed to an unphysical pure gaue field. It is easy to check that for the case of the 't Hooft-Polyakov monopole [3] the DQC (53) cannot be derived even if one introduces an extra unphysical U(1) pure gauge field, since there is no singularity. Also the original consistent condition (52) is unnecessary and the electric charge is automatically quantized in the 't Hooft-Polyakov monopole case.
Inconsistency of Dirac monopoles
In (52) and (53) the gauge couplings e andẽ belong to two direct product U (1) groups respectively and thus are independent of each other as we pointed out before. There are actually two possible solutions to the original DQC (52): g = 0 for n = 0 and g = 0 for n = 0 . However, in our new DQC (53) the only physically consistent solution is g = 0 for k = 0 , which is also a possible solution to DQC (52). The nonvanishing solution g = 0 in (53) constrains the physical magnetic charge g with unphysical couplingẽ and thus can never be consistent as already analyzed in previous Sec.3.2. Hence we conclude that the unique physically reasonable solution to both (52) and (53) is g = 0 , which implies that no Dirac monopoles exist in nature. Thus this alternative, independent proof strengthens our conclusion in Sec.3 from a different point of view. Other inconsistencies of Dirac monopoles are presented elsewhere [4, 5] .
In summary, we have proposed in this paper two independent, new approaches to re-examine the consistency of Dirac point monopoles. We found that in order to make use of the unphysical gauge freedom to make the singular Dirac strings non-observable, the re-derived DQC inevitably constrains the physical magnetic charge g with an unphysical gauge couplingẽ if g = 0 .
This clearly shows that the Dirac strings cannot be consistently made non-observable. Our above analyses thus provide further explanations for the negative experimental results from Dirac monopole searches [2] .
